ABSTRACT Due to the unstable economy, price fluctuation is an important consideration in the leasing industry. The financial lease is an important financing tool to deal with the price fluctuation by acquiring the equipment at a fixed financial fee after a contract is obtained. The lessee can acquire ownership of equipment upon the expiration of the financial lease after making a series of payments for the use of the equipment. This paper studies the online financial leasing problem with price fluctuation, in which the lessee does not know how long he will use the required equipment. The price fluctuation in this paper is bounded by the definition of the consumer price index. The lessee can use the equipment through two options: operating lease or financial lease. We present an optimal online leasing strategy by using competitive analysis method. Besides, the computational experiments are conducted to evaluate the efficiency of the financial lease responding to price fluctuation.
I. INTRODUCTION
The classic online leasing problem (a.k.a. the ski rental problem) was first studied by Karp [1] , where the lessee has two options to obtain the required equipment, i.e., to purchase by paying a one-time cost or to lease with less expense during each rental period. However, the lessee cannot learn the exact length of time for using the equipment in advance. With the objective of minimizing the total using cost, he needs to determine whether to purchase the equipment or to rent it at first, and when to switch to the purchase option. Since the length of the usage time is uncertain, the online model and competitive analysis are applied to evaluate the online leasing strategies by competitive ratio [2] . These technique compares the results obtained with an online strategy to the result that could have been obtained if one had known the exact length of usage time in advance, with the latter scenario represented by an optimal offline strategy.
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The lease option in the classical online leasing problem is an operating lease. At the end of the operating lease period, the ownership of the rented equipment remains with the rental company. In this paper, we apply another leasing category: the financial lease, which is also quite common in the leasing industry. Typically, in a financial lease, the legal ownership of the equipment remains with the rental company until financial lease ends, at which time the ownership is transferred to the lessee [3] . Compared with purchasing equipment, the advantage of the financial lease lies in the fact that the lessee can accelerate capital turnover by paying additional interest. Additionally, if the usage time of the equipment is shorter than expected, the financial lease can terminate the leasing contracts with less cost to the lessee than that of the purchase option. Therefore, the financial lease can be seen as being superior to the purchase. Thus, we only compare the operating lease with the financial lease in the online leasing problem and examine whether introducing the financial lease can allow better responses to price fluctuation.
Besides, in the classical online leasing problem, both the price and the rental fee are assumed to be constants. As a result, the cost paid for using the equipment can be determined by the length of its usage time. In practice, however, both the price and the rental fee might keep varying with time. That is, the cost paid for using the equipment is determined by not only the usage time but also the price fluctuation. In this paper, we extend the classical online leasing model by introducing the financial lease option and the price fluctuation. This paper is motivated by a realistic application. Consider an example in which a manager wants to find an office for daily work. There are two options for the manager to use the required office. One is to rent the office by operating lease with a varying rental fee per year. The other is to obtain the using right of the office by a financial lease contract lasting for 10 years, in which a fixed financial fee is determined at the time when the contract is signed. By financial lease, the manager can use the office with a fixed financial fee per year and terminate the contract at his will. As long as the financial lease contract is fully implemented, i.e., the manager pay the rental fee for 10 years, the ownership of the office will transfer to the manager. Even if the manager is sensible, there are two kinds of uncertainty confused him for leasing decision-making. The first uncertainty is that he cannot be sure whether his company will stay in the city for a long time or leave in the near future to open up a new market. The second uncertainty is the difficulty to forecast the price trend of real estate market. What is needed for the manager is to design an online leasing strategy that guarantees the best possible performance under all possible scenarios of the business period and the price fluctuation.
As for the price fluctuation in the real estate market, the price of an office room has been rising over the past decades, and the rental fee has been following this trend. Thus it is infeasible to forecast the price interval of the real estate. Inspired by Feng et al. [4] , we could describe the price fluctuation by the definition of the consumer price index (CPI). Since governments will control the price fluctuation within an acceptable range by exercising macro control to restrict CPI to maintain a steady economic growth, the ratio of the prices on two consecutive time is restricted within a determined interval. In addition, once the price of equipment varies, its rental fee and financial fee may vary accordingly. Thus, the fluctuation of the rental fee and financial fee can be described by the price-to-rent ratio; i.e., the ratio between the rental fee or the financial fee and price for a given equipment is assumed to be unchanged.
A. RELATED WORK
To illustrate scenarios that are closer to reality, there have been many generalizations of the classical online leasing problem. For example, online leasing problem considering the net present value [5] , [6] , and online leasing problem using statistical data on the usage time [7] . For the variants of lease option, Lotker et al. [8] , [9] and Fujiwara et al. [10] , [11] proposed the multi-slope online leasing problem where the purchase option is replaced by another lease option with a different rental fee per unit time. Zhang et al. [12] studied the online leasing problem with multiple discount options where there exists a duration of the lease option. A longer duration yields a lower rental fee per time unit. Epstein and ZebedatHaider [13] studied the lease option with a fixed horizon, i.e., the time duration of the lease cannot end before a certain number of days have elapsed. Dai et al. [14] first introduced the financial lease option into the online leasing problem. They developed the optimal leasing strategy between operating lease and financial lease using competitive analysis. For other classic variations of the online leasing problem, we refer readers to the replacement problem [15] , the capital investment problem [16] and the Bahncard problem [17] .
In all the above literatures, both the price and the rental fee are assumed to be constants. Considering price fluctuation, Irani and Ramanathan [18] studied an online leasing problem in which the price of the equipment lay in a predetermined range [1, M ] , while the rental fee remained unchanged. Bienkowski [19] considered another kind of price fluctuation where the prices on two consecutive days differed by at most 1. Zhang et al. [20] and Zhang et al. [21] considered another scenario where the equipment is depreciable and can be sold in the secondary market. For the more complex situation in which the price may neither lie in a predetermined range nor keep depreciable, Feng et al. [4] studied online leasing problem with price fluctuation bounded by CPI. An optimal online leasing strategy between purchase and operating lease is proposed.
B. OUR CONTRIBUTUION
In this paper, we consider an on-line financial leasing problem with price fluctuation under CPI, which is different from the issues addressed in the related literatures mentioned above. The first main difference is that we describe the price fluctuation under the assumption that the ratio between consecutive price lay in a predetermined interval instead of the price itself. The second main difference is that the decision content in the on-line financial leasing problem is operating lease versus financial lease rather than operating lease versus purchase.
Our contributions are summarized as follows: 1. Assume that the rent-to-price ratio is unchanged, and the price fluctuation is bounded by the definition of CPI, an optimal deterministic on-line financial leasing strategy is presented, which performs much better and more stable under the average scenario. 2. Compared with the theoretical result in Feng et al. [4] , we prove that the financial lease option can alleviate the negative effect of price fluctuation. 3. We show the negative effect of high price-to-rent ratio and fluctuation ratio on the online leasing industry by the computational experiments. A more complicated relationship between the payment duration and the performance of the online leasing strategy is also proposed. The rest of the paper is organized as follows. In section 2, we define the online financial leasing problem with price fluctuation under CPI. Section 3 presents an online strategy for this problem. The competitive analysis and a matching lower bound are also obtained in this section. Section 4 discusses the computational performance of the above strategy. Section 5 presents the conclusions and the direction of future work.
II. PROBLEM DEFINITION AND NOTATION
In this section, we present a precise definition and notations of the online financial leasing problem with price fluctuation under CPI.
Formally, the lessee has two options for acquiring the usage right of the required equipment: operating lease or financial lease. In the operating lease option, the lessee pays a rental fee for the equipment, whose ownership remains with the rental company at any time; In the financial lease introduce by Vance (2003) , the lessee first contracts with the leasing company at the current price and pays for the equipment in installments. After the contract is signed, the financial lease fee is fixed without any fluctuation, and paid in z payments. During the financial lease, the lessee can terminate the contract without paying the remaining fees at any time if he stops using the equipment. If all z payments are fulfilled, the lessee will achieve ownership of the equipment automatically.
When obtaining equipment to conduct the enterprise's daily operations, the lessee needs to fully consider the price fluctuation. During any time t, the price of the equipment, p t , may vary, and this variation is not known in advance. Based on the definition of the CPI, we can use a maximum fluctuation ratio α to restrict price fluctuation; i.e., 1/α ≤ p t+1 /p t ≤ α, where α ≥ 1.
In the operating lease option, the rental fee is assumed to vary along with the price fluctuation. The price-to-rent ratio is assumed to be fixed at u. Thus, the rental fee at time t can be defined as r t = C t /u.
The financial fee is also assumed to vary along with the price fluctuation before a financial contract obtained. In the financial lease option, the contract is obtained at the start of the financial lease, e.g. the time t. Therefore, the financial fee is determined by the price at time t. Due to the poundage and the interest, the cost of the financial lease for all z payments is more expensive than the current price (i.e.,
Thus, we use a coefficient, ω > 1, to determine the financial fee per time unit (i.e., f t = ωp t /z = ωur t /z). Besides, as the same assumption proposed by Dai et al. [14] , we assume f t > r t , i.e., the financial fee is larger than the rental fee at any time, otherwise the lessee should always choose to use the equipment via the financial lease rather than the operating lease.
All the notations introduced above are summarized in Table 1 .
The aim of this paper is to propose the best possible strategy to decide the time to switch from the operating lease to the financial lease with minimal cost. In the online version of the financial leasing problem with price fluctuation, neither the length of the usage time nor the price is known in advance. A well-established technique-online optimization-is explored to deal with this type of uncertainty. The performance of an online strategy is generally evaluated by the competitive ratio. Translated into the terminology of our problem, for any length of the using period, let C A be the objective value of the total cost for using the equipment produced by an online strategy A. Let C opt be the cost of the corresponding optimal offline strategy covering the period from the beginning to the end of the using period, which has all the information on the length of the usage time and the price fluctuation. Then, the strategy A is ρ-competitive if C A ≤ ρC opt + ε holds for any t where ρ is some constant, and ε is an arbitrary real number. The ratio ρ is also called the competitive ratio of the online strategy.
III. ONLINE FINANCIAL LEASING PROBLEM
Considering the price fluctuation, we introduce a threshold γ f to present an online financial leasing strategy OFL as follows, and the value of γ f will be discussed in the competitive analysis. Besides, a parameter β = 1+
is also adopted in the proposed strategy. Thus, r t ·β represents the minimum possible total rental fee in the following z time units (i.e., from time t to time t + z), where the price of the equipment is depreciable at the largest drop. We use R t to denote the sum of all the rental fee paid by the lessee before time t, where R 1 = 0. As the price fluctuates, the minimum price of the equipment until time t is denoted by P (t), which is a non-increasing function of t. Thus, the expense paid per unit time of the minimum financial fee obtained until time t is denoted as F (t) = ωP (t)/z, which is also a non-increasing function of t as well.
Strategy OFL
Keep the operating lease at first and switch to the financial lease at time t, where t satisfies the inequality
A. COMPETITIVE ANALYSIS
Denote the length of the usage time of the equipment by l. When the usage time l is comparatively short so that
to the strategy OFL, the lessee keeps the operating lease until time l, and the cost is C OFL = R l + r l . Since R l + r l < R l + r l · β < F (t) · z, the optimal offline strategy is also keeping the operating lease until the usage time ends (i.e., C opt = R l + r l ). Thus, the strategy OFL is the same as the optimal offline strategy; i.e., the strategy OFL is the best strategy in the scenario where the usage time is comparatively short. When the usage time l is long enough so that there exist a time t when R t + r t · β can be close to F (t) · z, the analysis is relatively complicated. For any arbitrary price fluctuation and the usage time in this case, there must exist a time τ at which R τ + r τ · β is less than and closest to the minimum financial lease fee of z payments until that time (i.e., R τ + r τ · β ≤ F (τ ) · z). The time τ always exists since the minimum financial fee until any time t, i.e., F (τ ), is a non-increasing function of t, while R t + r t · β is an increasing function of t.
In the online financial leasing problem with price fluctuation under CPI, since the price keeps varying, the lessee cannot determine the time τ in advance. Note that the online strategy OFL is determined by the value of the threshold γ f ; a proper value of γ f can help the lessee reduce the search area for the time τ . When performing a competitive analysis, a high or low value of γ f with a given time τ might make the strategy OFL perform poorly in different mechanism. The proper value of γ f can be derived by the undetermined coefficient method. Whether the threshold γ f is set low or high is determined by the comparison between R τ + r τ · β and F (τ ) · z. Therefore, we derive the competitive ratio of the strategy OFL based on the following lemmas.
Lemma 1: When the threshold γ f is set low so that R τ +r τ · β ≥ γ f F (τ ) · z, the ratio between the costs paid through the strategyOFL and the corresponding optimal offline strategy does not exceed 1 +
Proof: When the threshold γ f is set low so that R τ + r τ · β ≥ γ f F (τ ) · z, the corresponding cost paid for using the equipment by strategy OFL is C OFL = R τ + f τ · k, where k ≤ z represents the number of payments fulfilled for using the equipment through the financial lease. Note that the lessee can terminate the financial lease at any time, which implies that k is not a fixed parameter. Thus, the corresponding cost of the online strategy OFL cannot be determined without analyzing the optimal offline strategy.
To obtain the usage cost paid by the optimal offline strategy, we divide the optimal offline strategy into two cases based on the time at which the financial lease begins.
Case 1: The start time of the financial lease in the optimal offline strategy is earlier than τ . Denote the length of the advanced time as m; i.e., the start time of the financial lease under the optimal offline strategy is τ − m.
When m + k ≥ z, the remaining usage time from time τ − m to the end of the usage time is longer than the payment duration time of the financial lease. Thus, the cost of the optimal offline strategy is C opt ≥ F (τ ) · z since all the z payments need to be paid.
Otherwise, m + k < z. According to the definition of m, both the online strategy OFL and the optimal offline strategy acquire the equipment through the operating lease from the start time to time τ − m with the same usage cost R τ −m . After time τ − m, the optimal offline strategy begins to pay the financial lease fee, while the online strategy OFL maintains operating leasing until time τ .
Then,
Here, we prove that
Lemma 4, which will be proved later. Since
, which approaches its largest value when m + k → z. Thus, it can be concluded that
In summary, when the financial lease start time of optimal offline strategy is earlier than τ ,
The start time of the financial lease of the optimal offline strategy is later than τ . Denote the length of the delayed time as m; i.e., the start time of the financial lease under the optimal offline strategy is τ + m. Recall the assumption that f τ +m ≥ r τ +m ≥ r τ /α m , and
We can prove that
is an increasing function of k by Lemma 5, which will be proved later. Since k ≤ z,
From the above two cases, it can be concluded that
In the above inequality, ρ 1 approaches its maximum value only when R τ + r τ · β = γ f F (τ ) · z. The lemma is proved. 
Note that the optimal offline strategy has begun financial lease at time τ − m, the financial fee is fixed at that time. Therefore, the new constructed rental fee cannot influence the optimal usage cost of the equipment. However, since the strategy OFL begins financial lease at time τ , the new constructed rental fee will influence it due to the increment of the new constructed rental fee. Since the rental fee in the new constructed instance is increased, while F (t) is non-increasing according to its definition, the new construction of the rental fee might shift the time switching operating lease to financial lease to an earlier date, or keep that time unchanged.
If the increment of the new constructed rental fee does not change the time to switch to the financial lease in the strategy OFL, the usage cost of the strategy OFL can be easily concluded to be increased due to the increased rental fee in the new constructed instance. Thus, in this case, the ratio Otherwise the increment of the rental fee brings forward the time to switch to the financial lease in the strategy OFL. Denote that time under the new constructed rental fee instance as τ − m +â, i.e., R τ −m+â + r τ −m+â · β > γ f F τ − m +â z. Note that the change of the rental fee between two rental fee instances occurs after time τ − m + a, it can be inferred that the time τ − m +â must be later than time τ − m + a, i.e., a > a.
After the new rental fee instance is constructed, the corresponding cost paid for using the equipment by the strategy OFL changes to be 
In conclusion, the ratio between the costs of the strategy OFL and the optimal offline strategy is increased by constructing a new instance where
The lemma is proved.
Lemma 3:
is an increasing function of k.
Proof: We use mathematical induction to prove this lemma. Set
Basic
Step: We start with the statement between S (1) and S (2) and find that S (1) =
Inductive
Step: Next, we assume the truth of the relationship between S (n − 1) and S (n) for a particular n ∈ N + . That is, we assume S (n − 1) ≤ S (n) is a true statement. From this assumption, we need to deduce the truth of S (n) ≤ S (n + 1)
Since S (n − 1) = R τ +r τ (n−1)
, and
Using the above inequality, we find that
Since f τ R τ + r τ
The result established the inductive step of the lemma.
Consequently, by the principle of mathematical induction, the statement that
is an increasing function of k is true. The lemma is proved.
Lemma 4: When the threshold γ f is set high so that R τ + r τ ·β < γ f F (τ )·z, the ratio between the costs paid through the strategy OFL and the corresponding optimal offline strategy does not exceed γ f + αu 2 r τ F(τ ) . Proof: When the threshold γ f is set high so that R τ +r τ · β < γ o F (τ )·z, according to the strategy OFL, the lessee will not switch to the financial lease until time τ + 1 when R τ +1 + r τ +1 ·β > F (τ + 1)·z since τ is the time when R τ +1 +r τ +1 ·β is less and closest to F (τ + 1)·z. Thus, the cost paid for using the equipment through the strategy OFL is C OFL = R τ +1 + f τ +1 ·k = R τ +r τ +f τ +1 ·k, where kis the number of payments fulfilled for using the equipment through the financial lease.
Similarly, as in Lemma 1, we divided the analysis into two cases based on whether the optimal offline strategy begins the financial lease earlier than time τ + 1 or not.
Case 1: The optimal offline strategy begins the financial lease earlier than time τ + 1. Using the same procedure as in the proof of Lemma 1, we conclude that C OFL /C opt approaches its largest value when k = z. The corresponding cost of the optimal offline strategy is C opt ≥ F (τ + 1) z.
Thus,
Otherwise, the optimal offline strategy begins the financial lease no earlier than time τ + 1, and
Similarly according to Lemma 3,
is also an increasing function of k. Then,
In summary, it can be concluded that if γ f is set high,
Since F (t) is a non-increasing function of t, F (τ + 1) ≤ F (τ ). There are another two cases to be further discussed.
Case 1 (F(τ + 1) = F(τ )):
According to the CPI constraint, f τ +1 ≤ αf τ . In addition, f τ /r τ = ωu/z. Therefore, in this case,
In this case, the minimum financial fee until time τ + 1 is different from that until time τ , which implies F (τ + 1) = f τ +1 ≤ f τ and r τ +1 ≤ r τ . Therefore, in this case,
According to the CPI constraint,
In addition, with the definition of the function F (t),
Thus, it can be concluded that only when F (τ + 1) = F (τ ) can maximize the value of ρ 2 , and
The lemma is proved. The above analysis covered all possible scenarios of the online financial leasing problem with price fluctuation under CPI: the usage time is short so that there is no appropriate time τ at which R τ + r τ · β is close to the minimum financial fee in full payments F (τ ) · z; the usage time can be long enough to reach the appropriate time τ , which is further divided by whether the threshold γ f is set low or high. Further analysis concludes that through the selection of the threshold γ f , the ratio between the costs of the strategy OFL and the corresponding optimal offline strategy is
Thus, we can obtain Theorem 1 using the results for both the competitive ratio of the strategy OFL and the corresponding preferred value of γ f .
, the competitive ratio of the strategy OFL is
where T is the maximum time that satisfies the inequality 1+ α + · · · + α T −1 · β ≤ ωu. Proof: By observing ρ, the ratio between the costs obtained by the strategyOFL and the corresponding optimal offline strategy, the parameters u, ω, and α are all fixed. In addition to the CPI constraints,
ωu . This inequality holds only when the price rises at the maximum rate of inflation from the start time to time τ , which implies that the minimum price until time τ is F (τ ) = f 1 = ωur 1 z . As mentioned in the beginning of this section, τ is the time when R τ + r τ · β is less than and closest to F (τ ) · z; Thus, τ is the latest time that satisfies the inequality 1 + α + · · · + α τ −2 + α τ −1 · β ≤ ωu. Therefore, it can be concluded that
and that
. We obtain
Since u, ω, α and β are all defined parameters, and τ is an integer, γ f may not be exactly equal to γ * f . According to the proof of Lemma 1, Lemma 4 and the 1 st paragraph in Theorem 1, the value of 1 + (ωu−β)α τ −1 γ f ωu and γ f + α τ −1 ωuα+1−β ωu are obtained when R τ + r τ · β = γ o F (τ ) · z and the price rises at the maximum rate of inflation from the start time to time τ , which implies that
Therefore, we derive the preferred value of γ f :
we insert the result of α τ −1 into ρ 1 and ρ 2 and derive that
Since the value of τ , which is the latest time satisfying 1 + α + · · · + α τ −1 · β ≤ ωu, can be determined by the value of u, ω, αand β, even if the price keeps varying in the online environment, we can replace τ by a fixed parameter T , where T is the latest time satisfying
Therefore, the competitive ratio of the strategy OFL is
The corresponding preferred value of the threshold γ f =
, where T is the maximum time that satisfies the inequality 1 + α + · · · + α T −1 · β ≤ ωu. The theorem is proved.
Consider a scenario in which both the price and the rental fee remain constant, as in the classical online financial leasing problem studied by Dai et al. [14] , which implies α = 1, γ f = 1, and β = z. Thus, the competitive ratio of the strategy OFL in this scenario can be derived as min 2
, which is the same as the competitive ratio of the optimal online strategy of the classical online financial leasing problem.
B. LOWER BOUND
To measure the gap between the strategy OFL and the optimal online strategy, we need to derive the lower bound for the online leasing problem with the financial lease.
Theorem 2: The lower bound for the online leasing problem without the financial lease is
Proof: Suppose a scenario in which the price of the equipment keeps rising at the maximum rate of the inflation. Denote an arbitrary strategy as A (t), where the strategy switches from the operating lease to the financial lease at time t.
Suppose the end of the usage time is no earlier than time t. The cost paid for using the equipment based on the strategy
· k , where k is the number of payments for using the equipment under the terms of the financial lease. We divide the range of values of t into two cases to derive the lower bound.
Case 1 (t ≤ T ):
In this case, the offline adversary constructs an instance where the price decreases at the maximum rate after time t (i.e., r j = r j−1 α , where j > t). The usage time is terminated at time t + z. According to the definition of the parameter β, the total rental fee from time t to time t + z is r t · β = r 1 α t−1 · β. Note that the total rental fee from the start time to the end of the usage time is 1 + α + · · · + α t−2 + α t−1 · β r 1 , and the cost of the equipment acquired by the financial lease at the minimum financial lease fee over z payments is f 1 z = ωur 1 . Since 1+α+· · ·+α t−2 +α t−1 ·β ≤ 1+α+· · ·+α T −2 +α T −1 · β ≤ ωu, continuing to use the equipment under an operating lease, even until the end of the usage time, is less costly than acquiring the equipment through the financial lease at the VOLUME 7, 2019 minimum financial lease fee. The corresponding optimal cost is C opt = R t + r t · β = r 1 
which is a decreasing function of t. Based on its monotonicity,
1+(α−1)β , as mentioned in the proof of Theorem 3,
Case 2 (t > T ):
In this case, the offline adversary constructs an instance where the usage time of the equipment is infinite and the price keeps rising at the maximum rate. Since the usage time is long, and the price is continually rising, the optimal offline strategy in this case is to acquire the equipment by the financial lease at the start time, resulting in the optimal cost C opt = f 1 z = ωur 1 . Thus,
+ ωuα t−1 ωu which is an increasing function of t. Based on the function being monotonic, the above ratio approaches its lowest value when t = T + 1. Then,
From the above two cases, it can be concluded that there is no online strategy that can achieve a competitive ratio less than
The theorem is proved. According to Theorems 1 and 2, the strategy OFL is the optimal strategy for the online leasing problem with the financial lease.
IV. NUMERICAL ANALYSIS
To assess the computational behavior of the proposed strategy OFL for solving the online financial leasing problem with price fluctuation under CPI, the procedures were coded in Matlab R2015 and implemented on an Intel Core i5 3.3 GHz/4096 MB computer.
In order to derive the influence of the price-to-rent ratio and the maximum fluctuation ratio parameters on the competitive ratios of the online strategy, the first set of experiments involves test problems with the price-to-rent ratios u = 20, 50, 80 and maximum fluctuation ratios α = 1, 1.001, 1.002, · · · , 1.3. These correspond to inflation or deflation index values from 0.1% to 30%. Considering that 2018's annual lending rate for commercial loans in China is 4.75%. Thus, we set the payment duration time as z = 10, 20, 30 years and the ratio of the financial lease fee for z payments to the price as ω = 1.28, 1.57, 1.90 respectively according to the equal installments of principal and interest repayment formula. The competitive ratio of the online strategy is obtained using Theorems 1. In total, this experiment involves 3 × 3 × 3000 = 27000 instances. duration has a negative correlation with the competitive ratio of the online strategy OFL. When the maximum fluctuation ratio grows to more than 10%, it turns to be a positive correlation. Thus, higher price-to-rent ratios and fluctuation ratios worsen the operational situation when the enterprise obtains the equipment from the leasing industry. When the price fluctuation is not violent, extending the payment duration is an effective way to eliminate the negative effect from the uncertain usage time and price fluctuation. However, it does not work in a volatile economic climate.
To measure the average performance of the strategy OFL, the second set of experiments involving a test problem with a price-to-rent ratio u = 20 and a maximum fluctuation ratio α = 1, 1.001, 1.002, · · · , 1.3 is performed. The payment duration time and the ratio of the financial lease fee for full payment to the price are set as z = 10 years and ω = 1.28, respectively. For each instance when α is fixed, we generate random number lies in the range [1/α,α] to represent the real fluctuation ratio. In addition, the length of the usage time is represented by a random number lies in the range [1, 100] . When both the real price fluctuation and the length of the usage time are determined, the optimal costs C opt can be easily calculated by at most 100 enumerations (i.e., the 100 possible times at which the lessee could switch from the operating lease to the purchase or the financial lease). One hundred replications are generated for each combination of u, ω, α and z, resulting in 300,000 test problems. Each test problem is solved by the proposed online strategy OFL. Fig.2 shows that even if the worst performance gets worse as the price fluctuation ratio grows, the average performance of the strategy OFL remains relatively stable. For example, the average cost paid by strategy OFL is less than 2 times the optimal offline cost when α = 1.3, which is far less than the worst performance, i.e., 4.3 times the optimal offline cost.
In order to examine whether the financial lease option can deal with the price fluctuation better, we compare the result in this paper with that in Feng et al. [4] , in which an online leasing problem without financial lease under the same types of price fluctuation. In detail, we investigate the differences between strategy OFL in this paper and strategy A in Feng et al. [4] , both of which are the optimal online strategy for the studied problem respectively.
As proved in Feng et al. [4] , the competitive ratio of strategy Ais min 1+(u−1) 1−
. Thus, the third set of experiments involving a test problem of 3000 instances with u = 20, z = 10, ω = 1.28 and α = 1, 1.001, 1.002, · · · , 1.3 is performed.
As shown in Fig. 3 , the contrast between strategy OFL and strategy A suggests that the financial leasing industry can significantly reduce the competitive ratio not only in worst performance but also in average performance, implying that the financial lease can smooth the negative effect of price fluctuation.
Because of the compounding of interest, however, ω may be far larger than 1.0475 when the payment duration time is measured in years. Therefore, experiments involving some extreme scenarios must be performed. Consider an example on the property market in Fuzhou, China. According to http://fz.cityhouse.cn/, a website that publishes a real estate market database online, the maximum annual CPI index of the average price of commodity houses from 2008 to 2018 was 147%. The average price-to-rent ratio was 47.51 from 2008 to 2018. A 20-year financial leasing payment schedule with a benchmark lending rate as 5.4% has a ratio of the financial lease fee to the price as 1.64. Hence, we set u = 47.51, z = 20 and ω = 1.64 in the fourth set of experiments. The maximum fluctuation ratios were set as α = 1, 1.01, 1.02, · · · , 1.47. In total, this experiment included 4700 instances. Fig. 4 shows that, even in an extreme scenario, where ω grows to 1.64, the financial lease can still improve the operational performance of online leasing with price fluctuation.
V. CONCLUSION
As the modern leasing industry develops, it is necessary to introduce more realistic phenomena into the classical online leasing model. This paper introduced the variation of both price fluctuation and financial lease option into the classical online leasing problem described by Karp [1] . An optimal online strategy is proposed considering the double uncertainty of price and usage time. Our experimental results on thousands of instances show that a high price-to-rent ratio and fluctuation ratio exert negative effects on the online leasing industry, and the inclusion of the financial lease option can alleviate the negative effect of price fluctuation. Besides, the experimental results show the efficiency of the proposed online strategy under the average scenario.
Theoretically, it would be interesting to introduce interest rates into our model. Indeed, doing so could reveal the relationship between the payment duration time and the ratio of the financial lease fee and the price (i.e., z and ω) and their influences on the performance of the online leasing industry.
Another possible avenue for further research is to consider the residual value of the equipment in the online leasing problem. When the lessee obtains ownership of the equipment by the financial lease option after making full payment, he can sell it when it is no longer needed. Studying the residual value is not only very realistic but may also explain the boost in the sharing economy in our world. His research interests include international trade, forestry economy, and optimization in forest production systems. VOLUME 7, 2019 
